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Abstract

In this paper, we first introduce a new hamiltonian
cycle model for exploiting the features of symmetric
networks. Based on this model, we propose two efficient
multicast routing algorithms, uniform multicast routing
algorithm and fixed multicast routing algorithm, in
symmetric networks with wormhole routing. The
proposed multicast routing algorithms utilizes channels
uniformly to reduce the path length of message worms,
making the multicasting more efficient in symmetric
networks. We present two symmetric networks, the torus
and star graph, to illustrate the superiority of the
proposed schemes. Simulations are conducted to show
that the proposed routing schemes outperform the
previous scheme.

Keywords: Hamiltonian cycle, multicast, parallel
computing, symmetric networks, wormhole routing.

1. Introduction

Multicomputer contains ensembles of computational
nodes, with each node having its own processors, local
memory, and other peripherals. Multicast is a collective
communication operation for multicomputers. A single
source sends the same message to numerous other
destinations. Multicast communications can be denoted
as a tuple (s, K), where s is the source node, K = {dy,
dy, ..., d.} is the set of destination nodes, and n is the
number of destination nodes.

Lin and Ni [6] derived a deadlock-free path-based
multicast wormhole routing algorithm for direct
networks. They proposed the new routing function based
on the hamiltonian path embedded in the network to
prevent cycle dependence. This path-based routing
function is designed so that messages always acquire
channels in the order that appears in the hamiltonian path
to avoid deadlock. This hamiltonian-path-based
multicast routing algorithm has trigger many other
path-based multicast routing algorithms for diverse
networks [2, 5]. The symmetric network is a special class
of direct networks. It has the property that the network
viewed from any vertex in the network looks the same

[4]. With this property the congestion problem can be
minimized because the load will be distributed uniformly
through all of the vertices.

In this paper, we will study the deterministic
path-based wormhole multicast routing problem on
direct networks with symmetric network topologies. The
focus is mainly on some popular networks, such as torus
and star graph networks. The hamiltonian cycle model is
proposed and two multicast routing algorithms are
developed based on this model.

The rest of this paper is organized as follows.
Preliminaries are presented in Section 2. In Section 3, we
propose two multicast routing algorithms for
bidirectional symmetric networks based on the
hamiltonian cycle model. In Section 4, we apply the
hamiltonian cycle model to two popular symmetric
networks, the torus and star graph networks. Section 5
shows the simulation results. Finally, conclusions are
given in Section 6.

2. Preliminaries

2.1. System Model

We first describe the system model required for this
work. We assumed that the direct network topology is
symmetrical with a hamiltonian cycle. We also assumed
that the direct network adopts all-port wormhole
switching and supports intermediate reception (IR) [3].
The wormhole switching mechanism is now widely used
in interconnection networks, in both direct and indirect
networks. We also assumed that the router is all-port.
The all-port model specifies that the routers are able to
relay multiple messages simultaneously provided that
each incoming message has a unique outgoing channel
leading to a neighboring node [7]. The IR allows a router
to deliver an incoming message to the local host while
simultaneously forwarding it to another router. In this
manner, a single worm may be routed through several
destinations, depositing a copy of the message at each
destination. Such messages are called multidestination
messages. All of the above mechanisms are commonly
used in modern direct networks.
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Multicomputers are usually interconnected via a
direct network. The direct network topology is usually
modeled as an undirected graph that defines how the
nodes are interconnected by channels [7]. In the
undirected graph G = (V, E), the vertex set V represents
the set of processors in the multicomputer and the edge
set E defines the set of communication links in the direct
network. Without loss of generality, G is assumed to be a
connected graph. Each edge in E of the graph contains
two opposite directed physical communication links. We
used the notation pch(u, v) to denote the physical channel
going from u to v in the direct network. That is to say,
each undirected edge e(u, v) € E in G, where u, v € V,
contains two opposite physical channels pch(u, v) and
pch(v, u).

2.2. Hamiltonian Cycle Model
2.2.1. Labeling in the Hamiltonian Cycle

Hamiltonian cycle refers to a path existing in a graph
that starts and ends at the same vertex and includes every
vertex in the graph exactly once. In this paper, we focus
on a direct network with a hamiltonian cycle. In the
hamiltonian cycle model, the first step is to determine the
hamiltonian cycle in the network graph. Although
determining a hamiltonian cycle in any given graph is a
NP-complete problem, there are many researches that
presented strategies for embedding hamiltonian paths
into popular network topologies, such as tori and star
graphs. Now for a hamiltonian graph G = (V, E) and |[V| =
N, we suppose that & = (Vo, V1, ... , VN1, VN, Vo) IS @
hamiltonian cycle in the graph G. According to the order
of the vertex in the hamiltonian cycle &, we can assign
each vertex in the graph a label. The label of the vertex
vj eV s denoted as ¢(v;), where ¢(v;) =i is a natural

number. That is, the hamiltonian cycle starts at the node
labeled 0, and goes following the nodes with labels 1,
2, ..., to the node with label N -1 consecutively, then
returns the node labeled 0.

2.2.2. Boundary Links and Common Links

After assigning each node a label, we can divide every
physical communication link in the network into two
categories: a boundary link and a common link. The
common link can be divided into two types: a general
common link and a shortcut common link. It is easy to

define the link with |¢(u)—/(v) =1 as a general common

link. However, we do not want all of the links with
|¢(u) - ¢(v)|>1 to be boundary links. Some links

designed as common links for shortcut transmissions. If
the link with |¢(u) - ¢(v)| > [N/2], we set the link as a

boundary link, otherwise (1 <|¢(u) - £(v)| < [N/2]) we set
the link as a shortcut common link.

2.2.3. Channel Networks

The network partitioning strategy is fundamental to
our multicast routing algorithms. After assigning each
node a label and defining the boundary link and common
link in the network, we can divide the network into two
subnetworks: a high-channel network and a low-channel
network. The high-channel network contains all of the
directional common channels with the nodes labeled
from low to high numbers and the directional boundary
channels with nodes labeled from high to low numbers.
The low-channel network contains all of the directional
common channels with the nodes labeled from high to
low numbers and the directional boundary channels with
nodes labeled from low to high numbers. After
partitioning the network into two subnetworks, it is easy
to see that every physical communication link lies in one
and only one subnetwork, a high-channel network or
low-channel network. Each of the two subnetworks has
an independent set of physical links in the network.

2.2.4. Use of Virtual Channels

Two sets of virtual channels are used to prevent
deadlock in the high-channel and low-channel
subnetworks in our hamiltonian cycle model. Every
common link in each subnetwork is multiplexed into
p-channel and g-channel. The boundary link is not
multiplexed into the two virtual channels. Only
g-channel is required on the boundary link. We used the
notation c;, to represent the virtual channel leaving

node u to the node v, and belonging to type « of the
virtual channel, where ¢ <{ph,gh, pl,ql}. The ph, gh,

pl, and gl represent the p-channel in the high-channel
network, the g-channel in the high-channel network, the
p-channel in the low-channel network, and the
g-channel in the low-channel network, respectively.

The hold-and-wait property of wormhole routing is
particularly susceptible to deadlock. Deadlock can be
prevented using some specific routing algorithms. When
network resources, such as nodes, are ordered and
resources are accessed according to a strictly monotonic
order, circular waiting for resources will not occur and
deadlock can be avoided [5].

3. Multicast Routing Algorithms

3.1. Routing Function

The routing function R for the hamiltonian cycle
model can be viewed as R:NxTxN—C, which maps
triple (current node, input channel type, destination
node) into the next channel, where N is the set of the
nodes in the network, T represents the set of types of the
input virtual channels, and C is the set of the virtual
channels. Let n"(u) denote the set of neighboring nodes
of node u in the high-channel network and n'(u)
represent the set of neighboring nodes of node u in the
low-channel network. The routing function for the
hamiltonian cycle model is described as follows.

R(u,a,v) = Cuﬁ:w , Where
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max{Z(x) | x e n"(u)and ¢(x) < £(V)},if £(u) < £(v)and & e {ph, gh}
maxgZ(x) | x € n(u)and £(x) < ¢(V)},if (3x e N (u) = £(x) < £(v)),
£(u) > ¢(v),and @ € {ph,gh}
maxf(x) | x e nu)and £(x) > (W)}, if (vx € N (U) = ((x) > £(v)),
£(u) > ¢(v),and e € {ph,gh}
min{¢(x) | x e nI (u)and £(x) = ¢(v)},if ¢(u) > ¢(v)anda € {pl,ql}
min{t(x) | x  n! (U)yand £(x) = £(V)},if 3x e nl (U) = £(x) = £(v)),
((u) < £(v),and e € {pl,ql}
min{e(x) | x < n' (u)and £(x) < £V} if (v e nl (U) = £(X) < £(v)),
((u) < £(v),and e € {pl,ql}
ph, if & = phand (u, w) is not a boundary link
gh, if @ =ghor (a = phand (u, w) is a boundary link)
p= pl,if = pl and (u, w) is not a boundary link
gl,if @ =gl or (« = pl and (u, w) is a boundary link).

A message is designed to route along only one
subnetwork, the high-channel or low-channel network.
Each subnetwork is connected. That is, there is at least
one path between any two nodes in the subnetwork.
Regardless if a message is routed along the high-channel
or low-channel network, it is assigned a p-channel prior
to crossing the boundary. It is assigned g-channel after
crossing the boundary for it’s remaining traverse.

/(w) =

3.2. Message Preparation Algorithms

In this subsection, we will propose two message
preparation algorithms for the hamiltonian cycle model.
Both of these message preparation algorithms are
dual-path. That is, they will generate two outgoing
messages to implement a multicast. These dual-path
routing algorithms allow two packets outgoing from the
source node simultaneously. The input for these message
preparation algorithms is the set of destination nodes that
the source node will communicate with. As we described
before, the multicast routing algorithms for our
hamiltonian cycle model have dual-paths. Therefore the
output of both the message preparation algorithms are the
two destination subsets, D" and D'. The two destination
node subsets are partitions of the original destination set.
D" is the destination list in the header of the message M"
assigned to route along the high-channel network.
Meanwhile, D' is the destination list in the header of
message M', which is assigned to route along the
low-channel network. These message preparation
algorithms are aimed to balance the routing path length
and make multicasting more efficient.

3.2.1. Message Preparation Algorithm for Uniform
Multicast Routing

The message preparation algorithm for uniform
dual-path multicast routing easily balances the paths on
which the two messages are routed. The destination
nodes are partitioned into two subsets containing a near
equal number of destination nodes according to their
positions in the hamiltonian cycle. Let @ be the list
contains the source node and the destination nodes. First,

@ s sorted according to the label of nodes in ascending

order. Next, ¢ is rotated so that the source node is the
first element in the list. The source node is then discarded
from @ . Subsequently, ¢ is partitioned into two
subsets, D" and D'. D" contains first [/2] elements in

¢ and D' contains the other elements in ¢ with

reverse order. The multicast communication is denoted
as (s, K). Suppose that K = {d;, ds, ... , d.} is the set of
destination nodes, where n is the number of destination
nodes.

3.2.2. Message Preparation Algorithm for Fixed
Multicast Routing

The message preparation algorithm concept for the
fixed dual-path multicast routing involves restricting the
maximal path length that two messages are routed. We
give a pivot node to the source node. We assumed that
the source node is s, the number of nodes is N, and the
pivot node is p. If ¢(s) < [N/27], we set the pivot node p
as the node with label ¢(s) + [ N /2], otherwise we set the
pivot node as the node with label ¢(s)-[N/2]. Let ¢ be
the list that contains the source node and destination
nodes. First, ¢ is sorted according to the label for the

nodes in ascending order. Next, ¢ is rotated so that the
source node is the first element in the list. The source
node is then discarded from ¢@ . The message
preparation process is completed using one of two cases:
o(s) <[N/2] or ¢(s)=[n/2]| . Subsequently, ¢ is
partitioned into two subsets, D" and D". If ¢(s) < [N /27,
D" contains elements in ¢ with labels are greater than
£(s) and lower than ¢(s)+[n/2] and D' contains the
other elementsin ¢ in reverse order. If ¢(s)>[N/2], D'

contains elements in ¢ with labels are greater than
¢(s)~[N/2 and lower than /(s) in reverse order and

D" contains the other elements in @ . The multicast

communication is denoted as (s, K). Suppose that K = {d;,
d, ..., d,} is the set of destination nodes, where n is the
number of destination nodes.

4. Hamiltonian Cycle Model in Torus and
Star Graph Networks

Embedding one graph into another graph is useful as
this permits using an algorithm designed for the former
graph on the latter graph. In this section, we will show
how the hamiltonian cycle model is applied to some
popular symmetric networks, such as the torus and star
graph networks. The steps include constructing a
hamiltonian cycle in the network, partitioning the
network, and arranging the virtual channels in the
physical links. After embedding the hamiltonian cycle
model into the two host graphs, those two multicast
routing algorithms can be applied in these networks to
exploit the symmetry property of these two graphs.

- 140 -



4.1. Mapping Hamiltonian Cycle Model to
Torus Networks

In this section, we will first give a formal definition
of the torus and then construct the hamiltonian cycle
and embedded it into the torus network. According to
the label for each node in the network, the network is
partitioned into two subnetworks. After network
partitioning, the communication links are multiplexed
into the virtual channels to avoid deadlock. Based on
the hamiltonian cycle model, our multicast routing
algorithms can work. Finally we present an example to
show how the messages are multicast in the tours
network with a hamiltonian cycle model.

A formal description of the torus network is given
below. An n-dimensional torus is denoted as
koxkyx...xkn.1, where k; refers to k ; nodes along each
dimension i for 0 <i < n - 1. Each node u in the torus is

identified using n coordinates, oy.1(u), ono(U), ..., op(U),

where 0 < gj(u) <£k;—1for 0 <i<n-1 Two nodes u
and v in the bidirectional torus network are neighbors if
and only if oi(u) = ;(v) forall i, 0<i<n-1, but one,
where oi(u) £ 1 = oi(v) mod k. A torus network is
regular if k,=k;forall 0 <i,j<n-1.

A 2D torus network contains many hamiltonian
cycles. We use the node labeling function in [6] to
construct a hamiltonian cycle in the 2D torus network.
The node labeling function will assign each node a
unique number. For a 2D mxn torus the hamiltonian
cycle starts at the node numbered 0, following the nodes
with labels 1, 2, , to the node with label mn-1
consecutively, then returning the node numbered 0. The
hamiltonian cycle starts and ends at the node labeled 0.
In order to construct a hamiltonian cycle on the 2D mxn
bidirectional torus network, we assumed that m is even.

In the following, we give the node labeling function
¢(u) for a 2D mxn torus network. We suppose m is

even and u is a node in the torus network, where the
coordinates of uis (x, y), 0<x<m-1,and o<y<n-1.
((u)z{yanrx, if yi-seven
yxn+n-x-1if yisodd

After assigning each node a label in the torus
network, all of the physical communication links in the
torus network can be divided into two categories:
boundary links and common links. In this node labeling
strategy, all wrap-around links in dimension 0 are
boundary links, while the other physical links are
common links. In the 2xk torus network, the boundary
and common link definition in Section 2.2.2 may not fit.
This is because the 2xk torus network is a multi-graph
network. However, using the above node labeling
function in the 2xk torus network, we can define the
boundary links as the wrap-around links in dimension O
and the other physical links as common links.
The network can then be divided into two subnetworks:
a high-channel network and a low-channel network. To
prevent deadlock in the high-channel and low-channel

subnetworks in the torus network, two sets of virtual
channels are used in each subnetwork. Every common
link in each subnetwork is multiplexed into p-channel
and g-channel. The boundary link is not multiplexed
into two virtual channels. Only the g-channel is required
in the boundary link.

Let us use an example to demonstrate the uniform
and fixed multicast routing algorithms in the 2D 4x4
torus network. There is a multicast communication (s, K)
in the 2D 4x4 torus network, where s = (3, 2)" and K =
{(0, 0%, (1, 0), (0, 2%, (1, 1)", (0, 2)%, (2, 2)"°, (3, 3)",
(2, 3)*, (0, 3)™}. Notice that the label for each node is
shown as a superscript to the node representation. As
shown in Figs. 1(a) and 1(b), a uniform multicast
routing algorithm is used to implement this multicast.
The source node (3, 2)'* applies the uniform message
preparation algorithm to generate two messages M" and
M', where the M" header contains the destination nodes
(3, 3)%, (2, 3)%, (0, 3)™, (0, 0)°, (1, 0)%, and the M!'
header contains the destination nodes (2, 2)*°, (0, 2)%, (1,
1)%, (2, 0)%. M" is routed along the high-channel network
with a path length of 6. After M" goes across the
boundary, it will use the g-channel for routing. M' is
routed along the low-channel network with a path
length of 7. Therefore, the maximum path length is
max(6 7) 7

@)

source node

=,

‘ o3

—

routing channel

Fig. 1. A multicasting example in a 2D 4x4 torus
network using uniform multicast routing: (a)
high-channel network and (b) low-channel network.

As shown in Figs. 2(a) and 2(b), the same multicast
example is used to demonstrate the fixed multicast
routing algorithm. The source node (3, 2)'* sends two
messages M" and M' where the M" header contains the
destination nodes (3, 3)*?, (2, 3)", (0, 3)*, (0, 0)°, (1, 0)*,
(0, 2)%, and the M' header contains the destination nodes
2, 2 (0, 2% (1, 1% M" is routed along the
high-channel network with a path length of 7. After M"
goes across the boundary, it will use the g-channel to
continue its path. M' is routed along the low-channel
network with a path length of 5. Therefore, the
maximum path Iength is max(?, 5)=17.

@)

source node

O

—

routing channel

Fig. 2. A multicasting example in a 2D 4x4 torus
network using fixed multicast routing: (a) high-channel
network and (b) low-channel network.
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4.2. Mapping Hamiltonian Cycle Model to Star
Graph Networks

The star graph [1] is a special case of a Cayley graph.

We introduce some preliminaries before giving a formal
star graph definition. We first define the permutation. A
permutation of n distinct symbols in the set {1, 2, ... , n}
is represented by p = $;,...5,, where s;, s; € {1, 2, ...,
n}, si=sj fori=j, 0<1i j<n. A generator g; is then
defined. Given a permutation p = s,S,...S,, the generator
g; takes p as input and interchanges the symbol s; with
the symbol s; in p for 2 < i < n. Thus, gi(p) =
SiS7...Si.151...Sn.  An undirected star graph with
dimension n is denoted as S, = (V,, E,), where the set of
vertices V, is defined as {v | v = $15,...5, , Si, §j € {1,
2, ...,n}, sp=s, fori=j, 0<i, j<n}and the set of
edges E, is defined as {(vi, V) | V1, V2 € Vi, Vi # Vo
such that vy = gj(v») for 2 < i < n}. In other words, the
node in the star graph is represented by a permutation.
Any two nodes v; and v, in the star graph are connected
by undirected edges if and only if the permutation
corresponding to the node v, can be obtained from that
of v; by interchanging the symbol s; with s; of v; for 2 <
i <n. Astar graph has n! nodes and node degree is equal
to n - 1. We use the notation S, or n-star to denote an
n-dimensional star graph in this paper. The star graph
superior features have been proven, such as low degree,
small diameter, and symmetry.
Nigam et al. [8] have proposed an approach to embed
the hamiltonian cycle in the star graph. In [2], Chen et al.
derived a node labeling function for the star graph
network based on the method proposed by Nigam et al.
After assigning each node a label and defining the
boundary and common links in the network, we can
divide the network into two subnetworks: a
high-channel network and a low-channel network. To
prevent deadlock in the high-channel and low-channel
subnetworks, two sets of virtual channels are used in
each subnetwork. Every common link in each
subnetwork is multiplexed into p-channel and g-channel.
The boundary channel is not multiplexed into two
virtual channels. Only the p-channel is required in the
boundary channel.

Let us use an example to demonstrate the uniform
and fixed multicast routing algorithms in the 4-star
network. There is a multicast communication (s, K) in
4-star network, where s = 1432 and K = {2134, 31242,
23144 12437, 4123°, 3412%% 3421%°, 23417, 3241%}.
Notice that the label for each node is shown as a
superscript to the node representation. As shown in Figs.
3(a) and 3(b), a uniform multicast routing algorithm is
used to implement this multicast. The source node
1432'" applies the uniform message preparation
algorithm to generate two messages M" and M', where
the M" header contains the destination nodes 3421%°,
23417, 3241%, 2134, 3124%, and the M' header contains
the destination nodes 3412%, 4123°, 1243, 2314*. M" is
routed along the high-channel network with a path
length of 9. After M" goes across the boundary, it will
use the g-channel to continue its path. M' is routed along

the low-channel network with a path length of 9.
Therefore, the maximum path length is max(9,9) = 9.

1234° 42312 1234° 4231%

source node

o

—

O O
314215 21438

@ ®
Fig. 3. A multicasting example in a 4-star network using
uniform multicast routing: (a) high-channel network and
(b) low-channel network.

As shown in Figs. 4(a) and 4(b), the fixed multicast
routing algorithm is applied to the same multicast
example. The source node 1432"" sends two messages
M" and M', where the M" header contains the destination
nodes 3421, 23417, 3241%, 2134, 3124%, 2314%, and
the M' header contains the destination nodes 3412%
4123° 1243". M" is routed along the high-channel
network with a path length of 11. After M goes across
the boundary, it will use the g-channel for routing. M' is
routed along the low-channel network with a path
length of 6. Therefore, the maximum path length is
max(11, 6) = 11.

1234° 42312 12340 42312
o)

source node

o

—_—

routing channel

O
31421% 2143°%

(2) (b)
Fig. 4. A multicasting example in a 4-star network using
fixed multicast routing: (a) high-channel network and (b)
low-channel network.

5. Performance Study

We conducted some simulations for torus and star
graph networks. For all simulation experiments, the
following system parameters are used: the startup latency
is 1 microsecond. The network latency is 25 nanoseconds.
All of these parameters reflect the current trend in
technology. The source and destination nodes were
selected randomly in each experiment. Each experiment
was repeated 1024 times with the average latency
determined.

First, the system model for the simulation is in 2D
64x64 bidirectional torus networks with various message
sizes. The multicast size is the number of destination
nodes. The message length is the number of flits in a
message. Fig. 5 shows the average communication
latency for message length of 120 flits in the 2D 64x64
torus network. From Fig. 5, it is easy to see that the
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performance of the dual-path routing algorithm is worse
than that of the uniform and fixed routing algorithms.
The dual-path routing algorithm takes more time to
implement the multicast than the uniform and fixed
routing algorithms do. The two hamiltonian-cycle-based
routing algorithms can take advantage of the
wrap-around channels to balance two message worms
and to reduce the path length of each message worm. The
performance of the fixed and uniform multicast routing
algorithms is almost the same in the 2D torus network.

= 14
Z 12+
? g 10 L /
§g 8r e —
z g 6 | —— Dual-Path Multicast
g L 4 —e— Uniform Multicast
g E 21 —a— Fixed Multicast

0 1 1 1 1

0 250 500 750 1000 1250

Multicast Size

Fig. 5. Simulation in 2D torus network with message
lengths of 120 flits.

Next, the proposed routing algorithms are applied to
the star graph network. We compare these routing
algorithms with the dual-path routing algorithm in star
graph networks proposed by Chen et al. [2]. The system
model for the simulation is in the 6-star network with
various message sizes. The multicast size is the number
of destination nodes. The message length is the number
of flits in a message. Fig. 6 shows the average
communication latency for the message length of 120
flits in the 6-star network. As shown in Fig. 6, the
performance of the uniform and the fixed routing
algorithms are better than that of the dual-path routing
algorithm. This difference shows the different strategies
to improve the performance of the multicast
communication. This implies that the message
preparation is the critical part of the multicast routing
algorithm. Improvement of the message preparation is
more effective to the performance of the multicast
communication. The performance of fixed and uniform
multicast routing algorithms is almost the same in the
6-star network.

35
30 -
25 |

20
15 | Dual-Path Multicast

10 | —e— Uniform Multicast

5+ —a— Fixed Multicast
0 ' ! ' : '

0 120 240 360 480 600 720

Multicast latency (in
microseconds)

Multicast Size

Fig. 6. Simulation in 6-star network with message
length of 120 flits.

6. Conclusions

In this paper, a hamiltonian cycle model was
proposed to provide an efficient multicast
communication in  symmetric  networks. Two
deadlock-free multicast routing algorithms were
presented based on the hamiltonian cycle model. Both of
these multicast routing algorithms have the advantage of
reducing the number of traversed links for the messages
to improve multicast performance. Simulation results
showed that the performance of the
hamiltonian-cycle-based multicast routing algorithms
was better than the hamiltonian-path-based multicast
routing algorithm in the corresponding torus and star
graph networks.
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