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Abstract

In this paper, we introduce a new fuzzy ranking
method to solve optimization problems. The
generalized and deferred allowable job sequencing
with deadline problem is used as an example to
simulate and our results are better than the greedy
approach and other fuzzy ranking methods.
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1. Introduction

Most of optimization problems are the kind of
NP-complete problems [1,2], and currently no
polynominal time algorithm exists for finding the
optimal solution. Some heuristic methods such as
branch-and-bound [3] and prune-and-search [4] have
been proposed to solve problems of this kind. However,
the time complexity increases exponentially for these
traditional methods and becomes excessively for large
problems. Recently, fuzzy set theories{5] and neural
networks[6,7] have been used to solve these problems,
and obtain good solutions. Although fuzzy set
concepts are mainly used in linguistic domains such
as uncertainiy[8,9,10], they can be also used in
numerical domains, where each number is assigned to
a membership value. The ranking methods of fuzzy
set theory have been also applied to decision and
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problems[11,12,13]. For these problems, the fuzzy
ranking number is used to determine the importance
or sequencing of fuzzy sets (objects). Based on the
ranking number of each object, a good solution can
be obtained. However, for job sequencing with
deadline problems{14], there is still no good fuzzy
ranking method can be applied to solve this problem
efficiently. In this paper, a new ranking method is
proposed which is something like determining the
center of a graph. The resulting centroid point is then
used to order the sequence of jobs, and thus the total
profit (or penalty) is maximized (or minimized). In
the mnext section, we will discuss in detail job
sequencing with deadline problems, and some
additional conditions for deferred processing will be
also explained. Section 3 will briefly review some
related fuzzy ranking methods. Section 4 will
introduce our ranking method and illustrate its merit.
Section 5 will show simulation results which are
better than other approaches. Finally, we present a
concluding summary of our research and make some
suggestions for future work.

2. Review of Generalized Job Sequencing
with Deadline Problems

Job sequencing with deadline problems can be
defined as: given a set of n jobs, with each job i
having an integer deadline d; = 0 and a profit P; =
0. For any job i , the profit P; is earned if this job is
completed by its deadline. In addition, each job is
completed by a machine in one unit of time, and only
one machine is available for each job. A feasible
solution is a subset, J, of jobs such that each job in
this subset can be completed by its deadline, and the
value of a feasible solution J is the sum of profits of
jobs in J. An optimal solution is a feasible solution
with the maximum value. For example, suppose there
are four jobs (J1, J», Is, Jy) with profits (Py, P2, P3. Pa)
= (20, 40, 60, 80) and deadlines (d;, dz, d;, ds)=(1, 2,
2, 2). We can obtain the following feasible solutions
and their corresponding profits:  [(Ji, J, Je ...)s
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profit ] = [(Jy, J2), 60, [(Ji, J5), 801, [(3y, Js), 100],
[(J2, J3), 100], [(J2, Jy), 120], [(J5, J4), 140], and the
solution [(Js, Js), 140] is also an optimal solution.
This optimal solution can be obtained by a greedy
algorithm which sorts each job’s profit and selects
them in order. However, if each job’s processing time
is not an unit time, then the generalized problem
become very difficult to solve and it is known as an
NP-complete problem, Each job J; has associated
with it a three tuple P, d;, t;), where P; is the value of
profit, d; is the deadline, and t; is the required
processing time. Figure 1 illustrates an example of a
generalized job sequencing with deadline problem. In
Figure 1, the integer i of [i]; denotes the units of
required processing time of job j. The optimal
solution is {J4, J1, J3}, and profit 100 (=20 + 50 +30)
is maximum,

Profit
50 [

40 2]

30 213

20 [1]4

10

1 2 3 4  Time
Figure 1. A graph representation of a generalized
job sequencing with deadline problem; there are 4
jobs: 1, 2, 3, and 4 with deadlines 2, 3, 4, and 1,
respectively.

In real situations, when a job is completed beyond the
deadline, the profit does not become zero instantly,
but rather we pay an additional cost for this delay and
then obtain less profit. Figure 2 illustrates the real

situation of a generalized job sequencing with
~ deadline problem.

Profit
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Figure 2. A generalized and deferred allowable job
sequencing with deadline problem.

In this sitation, the difficulty of this problem has
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been increased, and then this problem is still an NP-
complete problem. The solution of Figure 2 becomes
{31, 32, J5} with a profit 115 (=50 + 40 + 25), which is .
different from that of Figure 1, and the profit of Figure
2 is beiter than Figure 1. Even if the processing time
of each job in Figure 2 is set to one unit of time, it is
still an NP-complete problem. The traditional greedy
approach can only find a good solution but not an
optimal solution. Section 5 will show the simulation
results of the greedy approach.

3. Fuzzy Ranking Methods

Many fuzzy ranking methods have been
proposed ior solving decision and optimization
problems such that a good solution can be obtained
[12,13]. Yager’s ranking method [15), the “weighted
average ranking function,” is one of the most widely
used methods for optimization problems. The
ranking function F(4)) is defined:

FA) = M , for continuous values of x,

I £ a(x) dx
6]
or F(A) = M , for discrete values of x,
2 1 a(x) |
€3

where the weight g(x) is the measure of importance.
If g(x) is assumed as a linear weight, that is g(x) = x,
then F(A)) represents the centroid of the fuzzy set A,
Yager’s ranking method is also often used in fuzzy
inference for defuzzification [16-19]. Figures 3 (a)
and (b) illustrate an example of the weighted average
method with two different types of fuzzy functions
(triangle and trapezoid).

peo 1 )
/ /\ VAR
) \
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Fa) R X Fap Fay
® ®)

Figure 3. The weighted average method for (a)
triangular fuzzy sets and (b) trapezoidal fuzzy
sets,

When F(A;) < F(Ay), it implies A; < A, If the
importance of each fuzzy set is not only dependent on
the value of X but also depends on the value of
membership function g (X)(=y), then Yager's
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method can be extended into a two-dimension value
Y(x,y) for the fuzzy set A;.

= 20 LW v)>0andx eAn (3)
210

Y(x,¥):

y= 25 EW o> 0andx eAn ()
X

Figures 4 (a) and (b) show the values of Y(x,v) for the
same problems in Figure 3.

e oy

(a)

Figure 4. The centroid points Y(xy,¥,) and Y(x;,y;)
of the extended Yager’s method for the same
examples as in Figure 3.

When x; and x» are considered under one criterion,
the importance of a fuzzy set can be defined by the
value of x (i.e., if X; > X», then A; > Ay), and y; and y»
can be also considered for another criterion. However,
the centeriod points, Ys, of Yager’s method are not
near the centers of fuzzy sets. In the next section, to
better the results of the extended Yager's method, we
will introduce a new ranking method which is similar
to finding the center of a graph. -

4. The Proposed Ranking Method

The basic idea of our ranking method is to determine a
two-dimensional value which approaches the center of
the graph of a fuzzy set. For a triangular fuzzy set A;,
the determined value is exactly equal to the center, C,
of A; (as shown in Figure 5).

(a3,b;)

(a.b,) (a,b,)
Ai

Figure 5. Point C is the center of graph A;.

A-117

When neither (a;,b;) nor (a;.b2) is (0,0), the values of
x and y in point C(x,y) are:

pi- P

e Bioo-froon’ ®
and - y= o (6
a-pr-o B
21— b= bs
where o= , )
(2+a)b-(h+b)a
' 2bh-b- b
o= (8)
(a+a)b-(b+b)a
b= (m+ax)-2a R
(a+a)yb-(bh+b)a
and s (a+a)-2a (10)

(a+a)yb~(b+b)ya

where, if one of three corners of a triangle is (0,0),

then (as.bs) can be assigned to this corner (0,0). Fora

trapezoidal fuzzy set A, the determined centroid
point -is approximately the center of A, and the
computation steps are:

(1) Divide the trapezoid A; into three triangles w 1th
a common lower-left corner.

(2) Find three centers, (a;,b1), (a2,b2) and (a; .bs), for
these three triangles.

(3) Connect these three points, (a;,b1), (az,bz) and
(as3,bs), into a new triangle T.

(4) Find the center, C(x,y), of T.

(5) The point C(x,¥) will be close to the center of the
trapezoidal fuzzy set A;, and it is used as the
fuzzy ranking value of A;.

Figure 6 illustrates an example of our approximation

method. The position of point C(x,v) is independent

B 4

Figure 6. The centroid C(x,y) is the ranking value
of the trapezoidal fuzzy set A;.
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of the scale of y(x), i.e., if the range of (%) is

changed from [0, 1] to [0, 100], then the new point’

C'(x",y’) is still located in the same position but X’ = x

and y’ = 100 * y. To solve the generalized and

deferred allowable job sequencing with deadline
problem, we propose an algorithm which selects the
jobs by using our fuzzy ranking method.

The steps are: .

(Da: For each trapezoidal fuzzy set A, find the
fuzzy ranking value, Cai(x,y), by applying our
fuzzy ranking method.

b:  For each rectangular fuzzy set A, the fuzzy
ranking value, Cyi(x,y), is defined as:

ZXi

T, Vx; € corners (x;, y) of A;. (11)

2.7

y= —4—, Vy; € corners (x;, y) of A (12)
Sort all fuzzy ranking values, Cax(x,y), by the

decreasing order of the value x.

Apply the Max-Max function to the fuzzy

ranking values, Caxy), for scheduling jobs,

and the value of x is determined by the upper

ceiling function

C, .5 = Max M‘?"X{C"‘ (4,7),Y4,}. 03)
¥ x

(#)a: If the date at the deadline of job m is
unallocated, then allocate this date to job .

b: If the date at the deadline of job m is allocated
by another job, then find an unallocated date
backward until the time is equal to x_, and then
assign the job m to the first unallocated date.

¢ If ($)a and (4)b cannot be satisfied, then insert
the job m into the unallocated list, UL.

d: Go to step (3) until all fuzzy ranking values are
considered.

x=

(5)  Apply the Max function to the UL.
C, (o= Max{C., (x,3).V4, cuz. (9
¥
(6) a: Find an unallocated date backward from the

date x* -1 to 1 and assign the job v to the first
unallocated date.

b: If (6)a can not be satisfied, then find an
unallocated date forward from the date x* until
the date with profit = 0, and assign the job v to
the first unallocated date.

¢: If there is no date that can be allocated for the
job v, then remove the job v from the UL, and
select the next job from the UL.

d: Go to step (5) until the UL is empty.

(7)  Compute the total profit for the allocated jobs.
Based on this algorithm, we can efficiently solve the
generalized and deferred allowable job sequencing

A-118

with deadline problem. We have also designed an
algorithm by applying the extended Yager’s method
which is basically an embodiment of our algorithm,
but differing from fuzzy ranking method, however, in
step (1). If you compare our method with the
extended Yager’s method (see Figure 7), you can
note that our method is more reasonable. Simulation
results confirm that our method produces better
solutions, as will be shown.

yA

4 x

Figure 7. C(x,y) and Y(x,y) are the ranking values
of our method and the extended Yager’s method,
respectively. For fuzzy set A; , a reasonable

importance should be near the center of graph A,
for considering two criteria: x and y.

5. Simulation Results

We randomly selected 100 generalized and
deferred allowable job sequencing with deadline
problems with the number of jobs being 5, 10, 15, 20,
25, 30, 35, and 40. Figure 8 shows an example of this
problem with problem size = 3 (jobs).

L)t
1
0.3 9 Yager's: *
0.6 Qurs: #
A o* 0.55
0.4 ,{‘g 2
0.2
1 2 3 X

Figure 8. An example of the generalized and
deferred allowable job sequencing with deadline
problem with problem size = 3. The orders of
ranking values are different between ours and the
extended Yager’s method. The profit of ours is
2.1(=1 + 0.55 + 0.55) which is better than Yager’s
1.875 (=1 + 0.575 + 0.3). The rate of improvement
of our algorithm reaches 12%.



FERE\ AR B R

Simulation results of our method, the extended
Yager’s method, and the greedy approach are
illustrated in Figure 9. Our method obtains better
solutions than the other methods, which verifies our
approach as useful for solving decision and
optimization problems. In addition, we believe that
this two-dimensional ranking method can be applied
to the solution of complex problems that are required
to compare the ranking values under multiple criteria.

18 oo s i —~ Our method

16 . - . P Leie

14 |- }' . - : =8— Yanzer's method
12 —4— Greedy goprosch

.5, "15. 20725 30 35 40

Problem size
Figure 9. Simulation results of our method, the
extended Yager’s method, and the greedy
approach.

6. Conclusions

Traditional fuzzy ranking methods only generate
one real number for each fuzzy set. However, if we
consider the objects in a problem under multiple-
criteria, then one-dimensional ranking methods do not
work well. In this paper, we first propose the concept
of a multi-dimensional ranking method to solve
traditional optimization problems and then use a two-
dimensional ranking method to solve the generalized
and deferred allowable job sequencing with deadline
problems. The simulation results show that our
method obtains better solutions than the traditional
greedy algorithm and the extended Yager's fuzzy
ranking method. In addition, this multi-dimensional
fuzzy ranking method can be extended beyond the
two-term example presented here to solve n-term
problems. In the future, we will use the proposed
fuzzy ranking method to solve other and more
complex decision/optimization problems.
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